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There are two known sources of nonperturbative superpotentials for Ka¨hler moduli in
type IIB orientifolds, or F-theory compactifications on Calabi-Yau fourfolds, with flux:
Euclidean brane instantons and low-energy dynamics in D7 brane gauge theories. The first
class of effects, Euclidean D3 branes which lift in M-theory to M5 branes wrapping divisors
of arithmetic genus 1 in the fourfold, is relatively well understood. The second class has
been less explored. In this paper, we consider the explicit example of F-theory on K3×K3
with flux. The fluxes lift the D7 brane matter fields, and stabilize stacks of D7 branes at
loci of enhanced gauge symmetry. The resulting theories exhibit gaugino condensation,
and generate a nonperturbative superpotential for Ka¨hler moduli. We describe how the
relevant geometries in general contain cycles of arithmetic genus χ ≥ 1 (and how χ > 1
divisors can contribute to the superpotential, in the presence of flux). This second class of
effects is likely to be important in finding even larger classes of models where the KKLT
mechanism of moduli stabilization can be realized. We also address various claims about
the situation for IIB models with a single Ka¨hler modulus.
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1. Introduction and Review
For many years, it has been clear that string theory offers a plethora of choices for
compactification to 4d with N ≥ 1 supersymmetry. With N = 1 supersymmetry, quantum
effects can play an important role in breaking supersymmetry and/or changing the vacuum
structure. It has long been hoped that such effects, perhaps in conjunction with early uni-
verse dynamics, would yield one or a few models as the preferred string compactifications
– i.e., that there would be a simple vacuum selection principle. There is little evidence for
such a picture (though of course our understanding of early universe cosmology in string
theory is very limited). Instead, recent attempts to understand moduli stabilization have
yielded mounting evidence that after including perturbative and nonperturbative contri-
butions to the moduli potential, string theory manifests a tremendous landscape of vacua,
including 4d (metastable) de Sitter and anti-de Sitter geometries with a wide range of
different cosmological constants [1–5]. For nice reviews of this subject, see [6]. While a
similar picture should emerge in each of the corners of the M-theory parameter space, we
will concern ourselves here with the type IIB theory, where the story is best developed.
Because our goal in this paper is to clarify and extend some recent developments in this
area, we will begin with a short review and status report on the subject.
If one wishes to obtain theories with 4d N ≤ 1 supersymmetry in the IIB setting,
one large class of constructions was developed in [7] and references therein. These models
are Calabi-Yau orientifolds with D3 and/or D7 branes, and also admit a description as F-
theory compactified on a Calabi-Yau fourfold. In a given such construction corresponding
to compactification on the threefold M (with related fourfold X4), one finds a tadpole
condition which requires that the total D3 brane charge on M add up to zero [8]
ND3 +
1
(2π)4(α′)2
∫
M
H ∧ F =
χ(X4)
24
. (1.1)
Here H and F are the NS and RR three-form field strengths of the IIB theory, and ND3
denotes the number of D3 branes one has chosen to insert transverse to M . So we see that
in generic backgrounds, one will turn on RR and NS fluxes as part of tadpole cancellation.
The resulting class of 4d N = 1 supergravities was described in [7]. The fluxes
generate a superpotential for the complex structure moduli and the dilaton τ . Defining
G3 = F − τH, this superpotential is of the form [9]
Wflux =
∫
M
G3 ∧ Ω (1.2)
1
where Ω is the holomorphic three-form on M . For typical choices of the flux, the dilaton
and complex structure moduli have isolated minima.
On the other hand, the Ka¨hler moduli ρi of M do not appear in W , and participate
in a no-scale cancellation at leading orders in the α′ and gs expansion [7]. One generally
expects that quantum corrections will generate a potential for the ρ fields. If this potential
arises only from corrections to the Ka¨hler potential, any nontrivial vacua will typically
occur for string scale compactification manifolds, and will be difficult to study.
As emphasized in [3], however, there are at least two classes of effects that lead one
to expect ρ-dependent corrections to the superpotential in many models:
1) If M contains a 4-cycle Σ with the right topological properties, Witten argued that
Euclidean D3 branes will generate a nonperturbative superpotential for the Ka¨hler modes
controlling the size of Σ [10]. These cycles lift, in the M-theory fourfold geometry, to
“vertical” divisors of arithmetic genus 1 (where “vertical” roughly denotes that they wrap
the fiber directions which shrink in the F-theory limit).
2) These models typically contain D7 branes. While as discussed in [11] the D7s often
have numerous matter fields in the most naive Kaluza-Klein analysis of their 4d N = 1
supersymmetric worldvolume gauge theory, the three-form flux can give masses to many
or all of these matter fields. If the fluxes do this while stabilizing the D7s at a coincident
locus, gaugino condensation will ensue. For N D7s wrapping a 4-cycle Σ, the gauge
coupling will satisfy 1
g2
∼ Vol(Σ), and therefore the gauge theoretic superpotential will
generate a nonperturbative potential for Ka¨hler moduli.
In the approximation that one keeps the leading contribution to this superpotential,
one gets a schematic formula of the form
W =Wflux + e
−aρ . (1.3)
If Wflux evaluated in the vacuum of the complex structure and dilaton moduli is small ,
i.e. Wflux = W0 << 1, then one finds a resulting vacuum for ρ at moderately large
volume. For instance in [3], a toy example was described that, with W0 of 10
−4 and a of
1
10 , achieved a radius of just above 3 in string units (which translates to ρ ∼ 100). These
moderately large radii can justify the neglect of more highly damped exponentials in the
formula (1.3), yielding self-consistent solutions to the equations of the effective field theory.
The existence of solutions with W0 << 1 was justified in [3] by explaining that given the
number of flux vacua and naive estimates for how W0 might vary in different solutions,
very small values should arise in a small fraction of the solutions.
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The vacua just described are, in the simplest cases, supersymmetric AdS vacua. It
was further argued in [3] that by e.g. using warped solutions of the sort described in [7]
(which incorporate a Klebanov-Strassler throat [12]), and including anti-D3 branes (whose
dynamics in such throats was studied in [13]), one should be able to obtain de Sitter
solutions to string theory. Instead of including anti-D3 branes, one could also imagine
using anti-self dual field strengths in D7 branes [14]. Alternatively, one can simply start
in a vacuum of the no-scale potential which is at positive V , and play off the tadpole
for Ka¨hler moduli against the nonperturbative corrections [15]. Another possibility was
described in [16]. The end result, as argued in [3] and later references, is that the IIB
superstring theory seems to admit a rich landscape of vacua with many de Sitter and anti-
de Sitter critical points, exhibiting different values of the cosmological constant. While
only a small fraction of the vacua will arise from small W0 in the language above, and will
therefore arise at moderately large radius, this small fraction was argued to yield a large
absolute number of vacua.
Two recent lines of development have added considerable support to this picture. In
the first, Ashok and Douglas and later authors [17–19] have studied the statistics of the
flux vacua which arise in the no-scale approximation. The most basic result concerns the
number of vacua, and finds (as one would expect from simple generalizations of [1]) that
Nvac ∼
1
b3(M)!
(
χ(X4)
24
)b3(M)
. (1.4)
Typical numbers yield χ
24
of order 1000 and b3(M) of order 100, and in fact Nvac can be
in excess of 10300 in simple examples. While these estimates neglect many possible further
effects that could remove vacua, the basic picture seems robust against effects that have
been neglected to date. Estimates of the attainable values of W0 (or really e
K |W |2) at
the level of the flux superpotential, fully support the assertion made in [3] that extremely
small values will be attainable. In fact, values much smaller than the 10−4 quoted in
KKLT should arise – the fraction of vacua with eK |W |2 ≤ ǫ seems to fall off only as the
first power of ǫ [18,20]. The information available from the statistical studies is much
more detailed than we have described here (predicting for instance clustering of vacua
around the conifold [18,19] and other interesting dynamics), and it is heartening that the
extremely complicated flux potentials admit such simple characterizations of the statistical
properties of the resulting vacua.
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However, one could still worry that although each of the ingredients in the KKLT
construction and its relatives is quite reasonable, it might not be possible to assemble all
of the ingredients simultaneously to make a working model. While this potential problem
seems very unlikely from the viewpoint of low-energy effective field theory, the issue has
now been settled directly from the string theory perspective. In a beautiful recent paper,
Denef, Douglas and Florea (henceforth DDF) explicitly provided many examples of Calabi-
Yau orientifolds where just Euclidean D3 instantons (effects of type 1) above) are present
in sufficient numbers to stabilize all Ka¨hler moduli [11]. Their constructions build on
earlier important work of Grassi [21]. These models admit sufficiently many flux vacua
that the full KKLT construction can be carried through, as long as the existing statistical
studies are not grossly misleading. The fraction of models where just effects of type 1)
suffice to carry out the KKLT program is not particularly small – in the simplest class
DDF studied (fourfolds with Fano threefold base), 29 of 92 Calabi-Yau spaces could be
stabilized this way. Each such manifold leads to a rich landscape of vacua. A subsequent
work [22] also pointed to the existence of manifolds which cannot be stabilized by such
effects alone, although this work did not address the large class, described in [11], which
can be stabilized.
Therefore, current evidence strongly supports the existence of a IIB landscape as
envisioned in [3]. Among many issues which remain to be clarified is the question of the
extent to which effects of type 2) above, low-energy field theory effects on D7 branes, can
aid in the stabilization of Ka¨hler moduli. In this work, we provide some explicit compact
examples where flux potentials lift D7 translation modes, leaving a pure nonabelian N = 1
gauge theory on stacks of D7s. These will manifest gaugino condensation, although they
do not fall into the class of models studied in geometric engineering in [23]– the latter work
did not (and did not need to) account for D7 interactions with three-form fluxes.
Before proceeding with the technical analysis, we give a simple physical argument
which explains why one should expect the phenomena we find to be rather generic. The
gauge theories which arise on D7 brane worldvolumes are, in most simple examples, non-
chiral gauge theories. Even if a naive analysis at the compactification scale indicates the
presence of matter in the theory (the relevant KK scale analysis is described in [23] and
other references), any further interactions at a lower scale can therefore give the matter
a mass, leaving behind a pure gauge theory. In these systems, there is a clear source of
such further perturbations – the presence of G3 flux. Physically, it is then not surprising
that one will often find pure gauge theories after including the effects of flux. We provide
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explicit examples on the fourfold K3×K3 (the orientifold K3× T 2/Z2 in IIB language)
in the following; this example was chosen because it is one of the simplest models that
includes D7 branes, and was analyzed in great detail in [24] (see also [25]). For the physical
reason we explained above and the mathematical reasons we explain below, we also suspect
this phenomenon occurs frequently in more complicated models, and will greatly enrich
the class of models described so far [11] where the KKLT construction can be realized.
The organization of this note is as follows. In §2, we review the conditions for super-
symmetry in M-theory and F-theory compactification on a Calabi-Yau fourfold. In §3, we
describe what these conditions imply for K3×K3 models in more detail. In §4, we provide
some examples of solutions to these conditions which yield 4d models with the D7 branes
locked on loci of enhanced non-abelian gauge symmetry. In §5, we explore an orientifold
example in detail and calculate the resulting non-perturbative superpotential. In §6, we
discuss the kinds of divisors which arise in these singularities. In particular, there are no
divisors of arithmetic genus 1 in the K3×K3 examples, although the relevant divisors Di
do satisfy χ(Di,O(Di)) > 1 (and in more general examples, would have χ ≥ 1). We also
explain how these observations, when correctly generalized to other Calabi-Yau fourfolds,
could relax some of the conditions stated in [22,11]. In particular, we briefly discuss the
special case where the IIB theory has a single Ka¨hler modulus, and argue that χ ≥ 1
divisors of the relevant type can arise there. We close in §7 with a discussion of future
directions. Some relevant details about the geometry of elliptic K3s and the E8 lattice are
relegated to appendices, as is a discussion of how one can microscopically understand the
relaxation of the arithmetic genus 1 condition [10] in the presence of flux.
TheD7/D3 moduli in theK3×T 2/Z2 orientifold limit were studied earlier in [26] using
the techniques of gauged supergravity. In particular it was shown that D7-brane moduli
acquire a mass, in agreement with our discussion here2. Many of the solutions found below
were also known to Greg Moore, from considerations similar to those he described in [25].
A complementary approach to deriving the flux-induced potentials for D7-brane moduli
is described in the papers [28,29], and we thank those authors for informing us of their
results prior to publication .
2 Masses for D7/D3 moduli have been extracted from string scattering amplitudes for type
IIb orientifolds on T 6/(Z2 × Z2) in [27].
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2. General Conditions For Supersymmetry
We are interested in F-theory compactifications on K3×K3 with flux. In particular
we are interested in asking whether the flux can stabilise all the complex structure moduli
(including the 7-brane moduli) at points of enhanced gauge symmetry. In the discussion
below we take the second K3 to be elliptically fibered and refer to it as K32, the other is
denoted as K31 and need not admit an elliptic fibration.
We will explore this issue by starting first in M theory on K31×K32 in the presence
of G4 flux. This is dual to F-theory on K3 × K3 × S1. We will be mainly interested
in Lorentz invariant 3 + 1 dimensional solutions in F-theory. These are obtained in the
standard fashion by taking the size of the fiber torus in K32 to zero.
For N = 1 supersymmetry (four supercharges) G4 must be of type (2, 2). In addition
G4 must be primitive. For Lorentz invariant 3+1 dimensional solutions G4 must have one
leg along the base P 1 and another leg along the fiber of K32. Primitivity then reduces to
the condition
G4 ∧ J1 = 0, (2.1)
where J1 is the Ka¨hler form of K31.
An elliptically fibered K3 can be described by an equation of Weierstraß form:
y2 = x3 + f8(z)x+ g12(z), (2.2)
where f8(z) and g12(z) are polynomials of degree 8 and 12 respectively. This gives rise
to 18 (complex) moduli which describe the complex structure of an elliptically fibered K3
surface. It is well known that the singularities which can occur in this equation are of A-
D-E type. At a singularity the symmetry is enhanced to the corresponding A-D-E gauge
group.
We will show in specific examples that for appropriate fluxes all the conditions of
N = 1 supersymmetry are met and all the complex structure moduli are stabilised such
that the elliptically fibered K3 is at a singularity resulting in an enhanced gauge symmetry.
For this purpose it is worth discussing the above conditions in some more detail. Some
useful reference for the discussion below are [30], [7], [31], and [24].
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3. The Conditions in More Detail
H2(K3, R) is a 22 dimensional vector space. An inner product can be defined on
this space, given by (v1, v2) ≡
∫
K3
v1 ∧ v2. This has signature (3, 19). H2(K3, Z) can be
thought of as a lattice, Γ3,19, embedded in this vector space. In a suitable basis the inner
product for the basis elements of this lattice takes the form of the matrix
U ⊕ U ⊕ U ⊕ (−E8)⊕ (−E8),
where U is the 2× 2 matrix
U =
(
0 1
1 0
)
(3.1)
and E8 is the Cartan matrix for the E8 lattice.
The holomorphic two-form Ω on K3 is given by a spacelike oriented two-plane in
H2(K3, R). The moduli space of complex structures then corresponds to the space of all
such distinct two-planes. Up to discrete identifications this is
G = O(3, 19)/O(2)×O(1, 19),
which is 40 dimensional. In the discussion below we will refer to both the holomorphic
two-form and the associated space-like two plane as Ω. Clearly, all two-forms in H(1,1)
must be orthogonal to Ω.
For the K3 surface to be elliptically fibered, a sublattice U ⊂ Γ(3,19) must be orthog-
onal to the two-plane 3 Ω. The moduli space of complex structures for elliptically fibered
K3s is then given (again up to discrete identifications) by O(2, 18)/O(2) × O(18). This
is 18 (complex) dimensional, the counting agrees with the moduli in the Weierstraß form,
(2.2). The Picard lattice of K3 is defined as the lattice of integral two-forms which are of
(1, 1) type. That is
Pic(K3) = H2(K3, Z) ∩H(1,1)(K3).
So we see that for the K3 to be elliptically fibered U ⊂ Pic(K3).
How this requirement for an elliptic fibration comes about will be discussed further
in the Appendix. For now we simply note that the two-forms dual to the base P 1 and the
fibre torus both lie in U . We saw above that G4 must have one leg along the base and
3 More accurately the sublattice has two basis elements whose inner product takes the form
U , (3.1). In an abuse of notation we will refer to the sublattice itself as U below.
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one along the fibre of the elliptically fibered K3. This means that G4 cannot contain any
element in U and so must be orthogonal to U . That is for any u ∈ U,G4 · u = 0.
We can now restate the conditions for supersymmetry as follows. G4 must be chosen
to have two legs along K31 and two legs along K32. A complex structure on K31 and
K32 must exist such that G4 is of type (2, 2). The resulting Picard lattice for elliptically
fibered K32 must contain the sublattice U . G4 must be orthogonal to U . And finally, the
Ka¨hler form of K31 must satisfy the primitivity condition, (2.1), which can be restated in
terms of the inner product defined above as J1 ·G4 = 0.
Let us now discuss the singularities in the Weierstraß form, (2.2), in some more detail.
A root of Γ3,19 is defined to be a vector α ∈ Γ3,19 with α · α = −2. A singularity in
the Weierstraß form arises if there is a root of Γ3,19 which lies in Pic(K3) and which is
orthogonal to U . That is, if there is a root orthogonal to both U and Ω.4 The orthogonal
roots form the root lattice of an A-D-E algebra. The singularity is of the corresponding
A-D-E type.
Before proceeding, let us make the following two comments. First, it is worth briefly
recapitulating why one expects all complex structure moduli to be generically stabilised
in an N = 1 susy solution. The requirement that G4 is of type (2, 2) means that the
(4, 0), (0, 4) and (1, 3), (3, 1) components in G4 must vanish. This imposes one more con-
dition than the number of complex structure moduli. For a choice of flux where a susy
solution does exist this implies that all the complex structure moduli should generically
be lifted.
Second, the four-form flux, G4, gives rise to three form flux in the IIB description. Let
the holomorphic and anti-holomorphic differentials along the elliptically fibered torus of
K32 be dz and dz¯, and φ be the modular parameter (the axion-dilaton in the IIB theory).
Then G4 can be expressed in terms of the three-form flux in IIB, G3 = F3 − φH3, as
follows:
G4 = −
1
φ− φ¯
G3 ∧ dz¯ +
1
φ− φ¯
G¯3 ∧ dz.
4 The requirement that the Einstein metric on K3 is at an orbifold singularity is somewhat
different. The metric corresponds to a choice of space-like three-plane and an orbifold singularity
occurs if a root is orthogonal to this three-plane. This ensures that orbifold has not been resolved
either by Ka¨hler deformations or complex structure deformations. For F-theory we are only
interested in the complex structure deformations which preserve the elliptic form and we therefore
require orthogonality with respect to Ω and U .
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G4 can also give rise to two-form flux, F2, in the world-volume theory of the D7 branes.
For example, if two D7-branes come together giving rise to an A1 singularity and if α is the
corresponding root of Γ3,19 that is orthogonal to Ω, then a non-trivial F2 is turned on in the
relative U(1) between the two D7-branes if G4 has a component of the form, G4 = β ∧ α,
where β is an integral two-form in K31. Note however that if Pic(K31) is trivial - as will
be the case generically - such a component is not allowed by supersymmetry. This follows
from noting that since α is orthogonal to Ω it must be of type (1, 1). Supersymmetry
requires that G4 is of type (2, 2), this means β must be an (1, 1) form in K31 and must
therefore belong to Pic(K31). In any event, we shall avoid turning on such F2 fluxes in
our constructions.
4. Examples
4.1. Simplest examples
We will now construct an explicit example where all the complex structure moduli are
stabilised at a point of enhanced symmetry.
Consider the six-dimensional subspace H3,3 = U ⊕U ⊕U of H2(K3, Z). In a suitable
basis, which we call (e1, · · · e6) the inner product in this subspace takes the form, 2η3,3,
with η3,3 = diag(1, 1, 1,−1,−1,−1). The basis elements are chosen so that e1, e4 span the
first U sublattice and so on. Also we note that e1, e2, e3 are space-like and the rest are
time-like.
Now consider the flux
G4
2π
= e1 ∧ e˜1 + e2 ∧ e˜2 (4.1)
where e1, e2 and e˜1, e˜2 refer to vectors in the integral lattice of K31 and K32 respectively.
This flux satisfies the requirement of having two legs along the two K3s respectively.
It is easy to see that G4 can be written as
G4
2π
=
1
2
[(e1 + ie2) ∧ (e˜1 − ie˜2) + (e1 − ie2) ∧ (e˜1 + ie˜2)] (4.2)
So by choosing the complex structure Ω1,Ω2 of K31, K32 as follows,
Ω1 = (e1 + ie2) (4.3)
Ω2 = (e˜1 + ie˜2) , (4.4)
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we see that
G4
2π
=
1
2
[
Ω1 ∧ Ω¯2 + Ω¯1 ∧Ω2
]
, (4.5)
and is therefore of type (2, 2). We note that the identification (4.3), (4.4) is consistent
with requiring that Ω1,2 are space-like two-planes in H
2(K31,2, R). Also, since, e1 · e1 =
e2 · e2, e1 · e2 = 0 and similarly for e˜1,2, (4.3), (4.4) are consistent with the requirements
that Ω1 · Ω1 = Ω2 · Ω2 = 0. In addition note that e˜3, e˜6 span a subspace U of H2(K3, Z)
and are orthogonal to Ω2. This ensures that K32 is elliptically fibered.
G4 is orthogonal to e˜3, e˜6 and therefore to U , this ensures that one leg of G4 is along
the base and the other along the fiber of K32.
Finally a Ka¨hler form for K31 can be chosen meeting the condition (2.1). The Ka¨hler
form corresponds to a space-like direction in H2(K3, R) orthogonal to Ω1. In the example
above we could take this direction to be along e3, then we see that e3 ·G4 = 0 so that the
condition of primitivity is met.
Thus we see that all the requirements for an N = 1 solution are met in this example.
We will argue next that the complex structure moduli are all frozen about this point.
Consider a small deformation in the complex structure of K31. Under it Ω1 → Ω1 + χ1
where χ1 is a (1, 1) form in K31. Similarly Ω2 → Ω2 + χ2. Under this transformation,
G4
2π
=
1
2
[
Ω1 ∧ Ω¯2 + Ω¯1 ∧Ω2 + χ1 ∧ χ¯2 + χ¯1 ∧ χ2 +K4
]
with the four form K4 defined as
K4 = χ1 ∧ Ω¯2 + χ¯1 ∧ Ω2 + χ2 ∧ Ω¯1 + χ¯2 ∧ Ω1.
Now since, Ω1,2, Ω¯1,2 are linearly independent, K4 cannot vanish, so G4 cannot be of type
(2, 2) after the small deformation. Thus for small deformations, G4 no longer remains
(2, 2) and the complex structure moduli are all lifted.
Let us now turn to describing the enhanced symmetry. We note that the lattice vectors
of E8⊕E8 ⊂ Γ3,19 are orthogonal to Ω2. In addition they are orthogonal to the U sublattice
spanned by (e˜3, e˜6). Similarly the vectors e˜4, e˜5 are roots which are orthogonal to both Ω2
and U . Thus the enhanced gauge symmetry in this example is SU(2)× SU(2)×E8 ×E8.
Finally we note that the membrane tadpole condition is met in M-theory. Since
1
2
∫
G
2π
∧
G
2π
= 4 <
χ
24
= 24,
one will need to add 20 M2 branes (D3 branes) in M-theory (F-theory).
10
4.2. An Orientifold example
By starting with the example above and changing the flux one can alter the complex
structure Ω2 so that the gauge symmetry is reduced. In particular the symmetry can be
broken to SO(8)4. The resulting model then corresponds to taking the elliptically fibered
K32 at the orientifold point, with 4 D7-branes at each orientifold plane. It is worth
examining this orientifold limit of the example above in more detail. This will allow us
to explicitly calculate the masses of the D7-branes. It will also allow us to make contact
with the discussion in [24]. We will find below that the orientifold examples corresponds
to solutions of the type (2+,0-) in the classification of [24] (section 3.3).
It is quite straightforward to find flux that will stabilise the complex structure at an
orientifold singularity. The complex structure moduli space of the elliptically fibered K32
is 18 dimensional. At an orientifold point 16 of these moduli correspond to the location of
D7-branes along the T 2 base of K32 and the remaining two moduli are the dilaton-axion
and the complex structure of the T 2. Requiring that the complex structure is at a (D4)
4
singularity fixes the locations of the D7-branes while allowing the other two moduli to
vary. We will proceed in two steps in the discussion below, first finding a particular point
in the complex structure moduli space where the singularity is of (D4)
4 type, and then
determining a flux which fixes the complex structure at this point.
The model under consideration is dual to the heterotic string on K3× T 2. It is well
known that by turning on Wilson lines on the heterotic side one can break the gauge
symmetry down to SO(8)4. Using the duality map, one can then map this to a location
in the complex structure moduli space of K32. Before proceeding let us note that, upto a
sign convention, our discussion of Wilson lines in the heterotic string will be based on [32].
For simplicity we take the heterotic theory with a square T 2 at the self-dual point, with
no B field and with appropriate Wilson lines turned on. The resulting complex structure of
K32 can then be described as follows. The complex structure of K32 corresponds to a two-
plane Ω2. In §4.1 we described the basis vectors e1, · · · e6 of the subspace H3,3 ⊂ Γ3,19,
with e1, e4 spanning the first U subspace etc. It is easy to see that n1 =
e1+e4
2 is a
null vector, n1 · n1 = 0, meeting the condition n1 · e1 = 1. Furthermore it is a basis
element for the U sublattice of Γ3,19. Similarly, we define the null vector, n2 =
e2+e5
2 ,
which is a lattice basis element for the second U sublattice of H3,3. We will also need
to introduce a basis in the (−E8) ⊕ (−E8) sublattice of Γ3,19. This is done by choosing
vectors, EI , I = 1 · · · 16, EI · EJ = −δIJ . The roots of (−E8) ⊕ (−E8) are then given by
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qIEI for suitably chosen q
I as discussed in Appendix B. The required spacelike two plane
corresponds to a choice of two linearly independent space-like vectors. These are given by
ˆ˜e1, ˆ˜e2 respectively, where
ˆ˜e1 = e˜1 +WIEI +
n˜1
2
WIWI (4.6)
ˆ˜e2 = e˜2 + W˜IEI +
n˜2
2
W˜IW˜I (4.7)
Here WI , W˜I denote the two Wilson lines. Also as in the previous section, we are
following conventions where the tilde superscript as in e˜1 etc, refers to elements of
H2(K32),Γ
3,19(K32). With
WI = diag(1, 0
7, 1, 07) (4.8)
W˜I = diag(0
4,
1
2
4
, 04,
1
2
4
), (4.9)
one can show that the roots of Γ3,19 orthogonal to ˆ˜e1, ˆ˜e2 correspond to the gauge group
SO(8)4. It is easy to see that ˆ˜e1, ˆ˜e2 are linearly independent and therefore define a space-
like two-plane. Identifying this two-plane with Ω2 gives the location of a (D4)
4 singularity
in the complex structure moduli space of K32.
We now turn to determining the required flux which will stabilise the complex struc-
ture at this point in moduli space. As discussed in appendix B, 2ˆ˜e1, 2ˆ˜e2, are elements of
the integral lattice, Γ3,19. So we can consider turning on the four-form flux,
G4 = 2e1 ∧ ˆ˜e1 + 2e2 ∧ ˆ˜e2. (4.10)
Since ˆ˜e1, ˆ˜e2 satisfy the relations ˆ˜e1 · ˆ˜e1 = 2, ˆ˜e2 · ˆ˜e2 = 2, ˆ˜e1 · ˆ˜e2 = 0 , we see that the discussion
in the previous section goes through unchanged showing that a complex structure for
K31×K32 exists given by (4.5), with G4 being of type (2, 2). Ω1 is unchanged from (4.3),
and Ω2 is given by
Ω2 = ˆ˜e1 + iˆ˜e2. (4.11)
Let us end this section with a few comments. First, since G4 is of form (4.5), our
discussion in the previous section still goes through leading to the conclusion that the
complex structure moduli are all stabilised. Second, we note that G4 above does not have
any component along the root lattice of SO(8)4, thus no gauge field flux F2 is turned
on in this case along the 7-brane world volumes. Third, the total contribution to the
membrane tadpole condition is 16, this means 8 D3 branes would have to be added in the
F-theory description. Fourth, the fact that this example maps to the (2+, 0−) case in [24]
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as mentioned above, follows simply by noting that there are only two linearly independent
two-forms, e1, e2 of K31 in G4. Finally, for simplicity here we have focused on one choice
of flux. More generally other choices of flux can also stabilise the complex structure at a
(D4)
4 singularity for other values of the dilaton-axion and τ .
5. The orientifold model in more detail
It is worth exploring the orientifold model above in some more detail. We have given
a general argument above that all the complex structure moduli are stabilised. Here we
would like to explicitly verify this for the D7 moduli by calculating their mass. This will
allow us to calculate in the next section the leading contribution (at large volume) to the
non-perturbative superpotential due to gaugino condensation.
5.1. D7-moduli mass
The complex structure moduli space of the elliptically fibered K32 is 18 complex
dimensional. At the orientifold point, 16 of these 18 moduli correspond to Wilson lines
that give the location of the D7-branes along the base T 2 of K32. The remaining two
moduli correspond to the dilaton-axion, and the modular parameter of the base T 2. At
the orientifold point, as was mentioned above, 4 D7 branes are located at each O7-plane.
By symmetry one can see that all the D7-branes must have the same mass. Displacing one
D7-brane from the O7-plane breaks the symmetry to SO(6)×SO(8)3. The corresponding
Wilson lines are given by
WI = diag(1, α, 0
6, 1, 07), (5.1)
W˜I = diag(0, β, 0
2,
1
2
4
, 04,
1
2
4
), (5.2)
where α, β are the locations of theD7-brane along the T 2. The resulting complex structure
of K32 is given by (4.11), where ˆ˜e1, ˆ˜e2 are now given by
ˆ˜e1 = e˜1 +WIEI +
n˜1
2
WIWI +
n˜2
2
WIW˜I , (5.3)
ˆ˜e2 = e˜2 + W˜IEI +
n˜2
2
W˜IW˜I +
n˜1
2
WIW˜I , (5.4)
with the Wilson lines (5.1), (5.2). As a check it is easy to see that this complex structure
corresponds to an unbroken SO(6)× SO(8)3 symmetry.
13
We now turn to determining the mass for the D7-brane moduli. The superpotential
is given by
W =
∫
G4 ∧Ω4. (5.5)
G4 is fixed and given by (4.10), with ˆ˜e1, ˆ˜e2 being given by (4.6), (4.7), with the Wilson lines,
(4.8), (4.9), respectively. Ω4 = Ω1∧Ω2. As the 7-brane moves away from the O7 plane the
complex structure of K32, Ω2, changes, as described in the previous paragraph. Ω1 is fixed
and given by (4.3). By substituting these expressions in W above it is straightforward to
see that it takes the form,
W = 4(α+ iβ)2. (5.6)
We saw above that the complex scalar α+ iβ is the location of the D7-brane along the T 2
base of K32. We will denote it by Φ = α+ iβ in the discussion below. The quadratic term
in the superpotential shows that this modulus acquires a mass. From (5.5), it is clear that
the mass is linear in the flux.
One final comment. Our result above for the 7-brane moduli mass agrees with an
earlier calculation using the methods of gauged supergravity, [26].
5.2. The Non-perturbative Superpotential
The low-energy dynamics of the orientifold model discussed above is that of an N = 1
SO(8)4 gauge theory. The gauge group arises form the gauge fields on the D7-branes. The
D7-branes wrap K31 and are transverse to the T
2 base of K32. The D7-brane locations
on the T 2 are moduli which are adjoint chiral superfields in the gauge theory. There is one
adjoint field for each SO(8) group. We saw above that these moduli acquire a mass due to
the flux. This mass scales with the radius of compactification, R, as 1/R3. At energy scales
below this mass scale the low-energy dynamics is that of a pure N = 1 SYM theory with
gauge group SO(8)4. It is well known that a non-perturbative superpotential is generated
in pure SYM theory due to gaugino condensation. The form of this superpotential can
be determined by standard field theory techniques. Since the gauge fields arise from the
D7-brane world volume, the gauge coupling is given by
S =
8π2
g2YM
+ iθ = e4u−φ + ib,
where e4u, is the volume of K31, φ is the dilaton and b is an axion that arises from the
RR four-form. The gauge couplings of the four SO(8) groups are the same.
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Standard field theory techniques then show that the non-perturbative superpotential
is given by :
WNP = Ae
−S/c2m (5.7)
wherem is the mass of the adjoint chiral superfield. A above is a coefficient that depends on
the expectation values of the frozen complex structure moduli, and c2 is the dual Coxeter
number in the adjoint representation of the gauge group. For SO(2n), c2 = (2n−2), giving
in particular c2 = 6 for SO(8).
Let us briefly sketch how this result is obtained. We denote the tree-level superpo-
tential, (5.6), as Wtree in the discussion below. This tree-level superpotential has a U(1)
R-symmetry under which Φ → Φeiθ. The R-symmetry corresponds to rotations in the
plane of the T 2 in K3× T 2/Z2. We see that Wtree has charge 2 under this R-symmetry.
This symmetry is anomalous in the quantum theory and it is easy to see that S → S−2ic2θ
under it. Now WNP must transform in the same way as Wtree under this symmetry, this
fixes the dependence on S in (5.7). Similarly Wtree has an R-symmetry under which
m transforms with charge 2 and Φ is invariant. The R-symmetry can be shown to be
non-anomalous so S is invariant under it. This determines the m dependence in (5.7)5.
The non-perturbative superpotential (5.7) results in a potential for the volume mod-
ulus of K31. In general one would expect that (5.7) is not exact in string theory and there
are corrections to it which are subleading at large volume. Requiring thatWNP transforms
correctly under full duality group, together with the large volume dependence determined
above, might help fix the form of these subleading corrections.
6. Divisors contributing to the superpotential
Let us begin by reminding the reader of Witten’s argument [10] that divisors D of
arithmetic genus, χ = 1, are the relevant ones for superpotential generation in M-theory
compactification on a Calabi-Yau fourfold X . For a Euclidean brane instanton to con-
tribute to the superpotential, it should break half of the space-time supersymmetry, leav-
ing precisely two fermion zero modes. For a Euclidean M5 brane instanton the zero modes
5 These two R symmetries act on the GVW superpotential as follows. Under the first sym-
metry, Ω → Ωe2iθ, and the flux G4 is invariant. Under the second symmetry, G4 → G4e
2iθ,
and Ω is invariant. Towards the end of section 6 we will refer to a U(1) discussed in [10]. This
symmetry is a combination of the two R-symmetries discussed above. Under it, with our choice
of normalisation, Φ and m have charges 2,−2, respectively, while Ω,G4, have charges 4,−2.
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are determined by the hk,0(D) cohomology groups of the divisor wrapped by the Euclidean
5-brane. Witten considered the U(1) symmetry of the normal bundle N to D and argued
that modes arising from the cohomology groups h2p,0(D) and h2p+1,0(D) have opposite
U(1) charges and can pair up. The index obtained after grading the zero modes by the sign
of their charge under this U(1) symmetry is 2χ. Thus a necessary (although not always
sufficient) condition for the non-perturbative superpotential to arise is that χ = 1. We
will see that after accounting for the effects of G-flux, this conclusion is modified, and in
general χ > 1 divisors can also contribute to the space-time superpotential; the loophole
was anticipated on p.10 of [10].
6.1. In the K3×K3 examples
Here, we describe in slightly more detail the geometry of the singular K3×K3 com-
pactifications that must be yielding our gaugino condensates. In each of these cases, the
singular elliptic K32 has an A-D-E singularity. For simplicity we will focus on the case of
AN−1 here, but very similar remarks apply to the other two cases. Our discussion of the
relevant geometries follows [23].
We have an AN−1 singularity over K31. Denote the exceptional divisor by D. D is
the union of N−1 irreducible components D = ∪iDi. After blowing up, the fiber over K31
will consist of N P 1s, intersecting in such a way as to form the affine Dynkin diagram for
SU(N) (the Di have been supplemented by an additional divisor D
′, which is the closure
of the complement of the exceptional set D inside the resolved elliptic fiber) 6.
In general examples that would arise in elliptic Calabi-Yau fourfolds, this story would
generalize as follows. One would look for singularities of the elliptic fibration of Kodaira
IN type over some surface S in the base B (the singularities may worsen to IN+1 at
codimension one in S, etc.). The Di (and D
′) are then nontrivial P 1 bundles over the
surface S wrapped by the D7 branes π : Di → S. Our particular example is however quite
simple: S is K31 and the fiber is constant along S. Therefore, the Di simply take the form
K31 × P 1. It is easy to see that the arithmetic genus of these cycles satisfies
χ(Di,O(Di)) = h
0,0(K3) + h2,0(K3) = 2 . (6.1)
6 The additional P 1 which gives rise to the divisor D′ can be understood as follows. Since
K32 is elliptically fibered there is a null vector, n, dual to the T
2 fiber. Like the roots of AN−1,
ei, n is also orthogonal to the the two-plane, Ω2. The additional P
1 is dual to n−
∑
ei. And ei
together with n−
∑
i
ei give rise to the Dynkin diagram of affine AN−1.
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Hence, while it is completely clear from the 4d and 10d perspectives that our examples
have pure Yang-Mills sectors which will undergo gaugino condensation, there need not be
divisors of arithmetic genus 1. This is in keeping with the remarks in [10] about how
infrared gauge theory effects may not give the correct naive zero mode count required for
superpotential generation.
It is suggestive that an M5-brane wrapping D (i.e., all N P 1s) would be wrapping
a cycle of χ(D) = 2N . This coincides with the number of fermion zero modes which are
present in a naive instanton calculation in pure SU(N) N = 1 Yang-Mills theory, where
the gaugino condensate 〈λλ〉 scales like the Nth root of a gaugino 2N-point correlator (see
e.g. [33], pages 184-186). This underscores once again the fact that gaugino condensation
is not an instanton effect in the 4d field theory picture, and it is not very surprising that
there is no instanton with two fermion zero modes.
6.2. More general cases
More generally, our construction suggests the following. Consider any case where in
a fourfold, there is a Kodaira type IN degeneration over S as described above (in physics
language, this is the situation when there are N D7 branes wrapping S). In general there
will be IN+1 curves in S also (physically, these are curves where another D7 intersects the
stack of N D7s wrapping S). One can then consider an M5 brane wrapping the cycles
Di → S and D′ → S, which are fibrations over S with P 1 fibers. Using the Leray spectral
sequence as on p.6 of [23], we see the following. Since the P 1 fiber has h1,0(P 1) = 0, and
the only holomorphic function on P 1 is a constant, Hi,0(Di) ≃ Hi,0(S). Therefore, these
cycles will have arithmetic genus
χ(Di) = h
0,0(S)− h1,0(S) + h2,0(S) . (6.2)
Let us assume for simplicity that S is simply connected, so h1,0(S) = 0. This is not a
serious restriction, as in many cases S inherits its first cohomology from the cohomology
of the base of the F-theory elliptic fourfold (by the Lefschetz hyperplane theorem), and for
simple examples this vanishes. We then see that χ(Di) > 0, and all zero modes but the
one arising from h0,0(S) are in correspondence to adjoint matter fields on the D7 branes
wrapping S. (Recall a D7 brane wrapping S receives h1,0 adjoint fields from Wilson
lines on S, which vanishes for us, and h2,0 adjoint fields from deformations of S inside
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the compactification manifold).7 Hence in all cases where the matter fields are lifted by
three-form fluxes leaving an IN degeneration over S, there are also cycles present of the
appropriate arithmetic genus (χ ≥ 1) to possibly contribute to the superpotential.
We therefore expect that in many examples of IIB compactifications with flux, one
will obtain contributions to the nonperturbative superpotential from stabilized coincident
D7 branes. This can happen sometimes even in the absence of cycles of arithmetic genus 1
in the related Calabi-Yau fourfold. However in all such cases, we expect (as in the K3×K3
examples) that divisors of χ ≥ 1 exist.
We see no obstruction to such examples arising even in cases where the IIB compact-
ification manifold has a single Ka¨hler modulus. For instance, it is easy to write down
examples in the elliptic fibration over P 3 which have singularities of various Kodaira types
over a surface S (which has h1,0(S) = 0) in P 3. The question is then whether appropriate
fluxes can stabilize D7s on such a locus. If so, the resulting theory would exhibit gaugino
condensation and a nonperturbative superpotential for the Ka¨hler modulus. Our explicit
examples of this in K3×K3 give us confidence that the phenomenon will happen in more
general examples.
A recent paper [22] argued that vertical χ = 1 divisors cannot appear in elliptic four-
folds X → B with h1,1(B) = 1, and that hence such models cannot have nonperturbative
superpotentials for the Ka¨hler modulus. Since our comments suggest otherwise, let us ad-
dress the contradiction. The arguments presented in [22] do not prove that vertical χ = 1
(or χ > 1) divisors cannot appear in models with h1,1(B) = 1. Equation (18) in §2.5 of
[22], for the total Chern class of X , is in general incorrect for models where h1,1(X) > 2
but h1,1(B) = 1. This equation plays an important role in constraining the possible arith-
metic genera of divisors. The argument of §2.6 in [22], which shows that no base B with
h1,1(B) = 1 can be globally fibered over a surface S, is true. However, that fact is not
relevant to the phenomena under discussion here. A global fibration of B over some S is
not needed to obtain nonabelian gauge symmetries from coincident D7 branes in B, and
it is straightforward to write down examples of In singularities with n > 1 in the fourfolds
of [35] with h1,1(B) = 1.
7 In general there can also be fundamental matter fields arising from the intersections with
other D7s. These also yield a nonchiral spectrum in simple examples, and analogues of the
phenomena we are exploring here should be expected to occur. Some examples of SU(Nc) theories
with quark flavors arising from D7s are described in [34]. In many cases, more exotic theories
which are not yet well understood can also arise.
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In a forthcoming paper [36], the question of a non-perturbative superpotential in cases
where the IIB compactification has a single Ka¨hler modulus will be discussed in much
greater depth. Several explicit examples of elliptic fourfolds X → B with h1,1(B) = 1
(and h1,1(X) > 2) and vertical divisors of arithmetic genus one have been found and will
be presented in [36]. The simplest examples arise by working with the elliptic fourfold in
WP 51,1,1,1,8,12 (which is elliptically fibered over P
3), constructing singularities of various
Kodaira types over a P 2 in the P 3, and blowing them up.
Finally, let us close this section by noting that KKLT discussed the single Ka¨hler
modulus case solely for simplicity of exposition. The arguments presented there are more
general and do not depend in any important way on this condition.
7. Discussion
There are several obvious directions for further work. Needless to say, it would be
interesting to find explicit examples of the phenomena we have seen in K3×K3 in other
Calabi-Yau fourfolds. While explicit examples where all Ka¨hler moduli can be stabilized
already exist [11], we believe the kinds of effects described here will greatly broaden the
class of examples.
It would also be interesting to understand the story when our models are reduced to
3d directly in the language of M5 instantons. A 4d N = 1 pure gauge theory, reduced to 3d
on a circle, exhibits superpotential generation due to abelian instantons on the Coulomb
branch, and a microscopic version of this involving M5 instantons appeared in [23]. Our
situation involves a 4d theory which has chiral multiplet matter fields, which are then
given a mass. After the reduction to 3d, an instanton computation in the 3d field theory
must still yield a nonzero result: the mass terms for the matter fields can be pulled down
to absorb any extra zero modes which naively appear in the instanton calculation. This
macroscopic phenomenon must have a microscopic analogue in M5 instanton calculations,
and it would be interesting to understand this in detail. One comment in this regard is
worth making. As discussed in [10] the arithmetic genus of the divisor wrapped by theM5
brane corresponds to an index graded by a U(1) symmetry. This U(1) symmetry is the
structure group of the normal bundle of the divisor. In the K31×K32 case, as is discussed
further in appendix C, one finds that the symmetry is broken by the flux. This suggests
that in the M5 brane worldvolume theory, modes coming from h2,0 can pair up amongst
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themselves and became massive in the presence of flux, allowing for a superpotential even
when χ > 1.
Finally, we note that in our K3 × K3 examples, G4 fluxes which reduce purely to
three-form fluxes in the IIB language (no field strengths F2 turned on in the D7 branes)
suffice to stabilize all D7 brane moduli. It would be interesting to see if this phenomenon
persists in more generic examples.8
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Appendix A. More on Elliptically Fibered K3
Here we will describe how the requirement that U ⊂ Pic(K3) arises for an elliptically
fibered K3.
In general, as we know, the second cohomology group for K3 is given by the lattice
Γ3,19 = U ⊕ U ⊕ U ⊕ (−E8)⊕ (−E8)
where U is the hyperbolic plane, (3.1), and E8 is the Cartan matrix for the E8 lattice.
Being an elliptic fibration, the K3 obviously has, at least, two algebraic curves embedded
in it, one being a nontrivial section of the bundle (which is guaranteed from the Weierstraß
form) and the other being the elliptic fiber. Obviously, they are elements of the second
homology group H2(K3, Z) (which is same as H
2(K3, Z)), and since they are algebraic
they also belong to H1,1(K3). Thus they belong to the Picard lattice of K3.
8 It is clear that generic G4 fluxes which reduce to both three-form fluxes and F2 fluxes in IIB,
do suffice to stabilize all D7 moduli in generic examples. This follows from simple counting of
equations and fields given the GVW superpotential for a CY fourfold.
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We can obtain the intersection matrix for these two curves as follows. In general a
genus g curve in K3 has self-intersection number equal to (2g−2) and hence for the section
(which is a P 1) it is −2, whereas for the fiber it is zero. Since both the curves intersect
each other transversely, their intersection number is one. Thus the intersection matrix is
(
−2 1
1 0
)
which, after a change of basis, is identical to U . This means that the necessary condition
for a K3 of Weierstraß type is that the Picard lattice must contain U as a sublattice. This
also turns out to be a sufficient condition for the K3 to admit an elliptic fibration.
It is clear from the discussion above that the two elements of H2(K3, R) dual to the
base and the fiber span U . Thus if G4 must have one leg along the base and the other
along the fibre of K32 it cannot contain any element of the sublattice U . Since the matrix
U has eigenvalues (1,−1), this means G4 must be orthogonal to all vectors in U .
Appendix B. The (−E8)⊕ (−E8) Lattice
Here we discuss the (−E8)⊕(−E8) lattice in more detail. The discussion will be based
on section 11.6 in Polchinski’s book [32] with some changes in convention, to account for
the time-like nature of the lattice in our case etc. As mentioned in the discussion above
we take 16 vectors, EI , I = 1, · · ·16 that are linearly independent and satisfy the the
conditions EI ·EJ = −δIJ . These vectors span the (−E8)⊕ (−E8) vector space. The first
(−E8) lattice is given by vectors of the form
∑8
I=1 q
IEI , where the (q
1, · · · q8) are either
all integer or half integer and
∑
I q
I ∈ 2Z. The second (−E8) lattice is similarly given by
appropriate linear combinations of EI , I = 9, · · ·16.
It is now easy to see why 2ˆ˜e1, 2ˆ˜e2, (4.6),(4.7), belong to the lattice Γ
3,19. e˜1, n1 belong
to the first U sublattice of Γ3,19, as we discussed in section 3 and 4, and similarly e˜2, n2
belong to the second U sublattice. For the choice (4.8), (4.9), we haveWIWI = W˜IW˜I = 2.
So to show that 2ˆ˜e1, 2ˆ˜e2, belong to Γ
3,19 it is enough to show that 2WIEI and 2W˜IEI
belong to it. But we see that both of these vectors are of the form qIEI with q
I meeting
the conditions mentioned above, so this is true.
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Appendix C. Flux Breaks the M5 Brane Worldvolume U(1) Symmetry
As discussed in §6 the arithmetic genus of the divisor wrapped by the Euclidean M5
brane corresponds to an index graded by the U(1) symmetry which is the structure group
of the normal bundle of the divisor. Here we show that in the K31 ×K32 case this U(1)
symmetry is broken by the G4 flux.
Roughly speaking the argument is as follows. The divisor is K31 × P 1, with the P 1
being an exceptional divisor of K32 associated with blowing up an ADE singularity. As
we saw above the flux, G4, must have one leg along the fiber and one along the base of
K32. Now the singularity is located at a particular point in the base of K32 so the tangent
along the base is normal to the divisor. Thus G4 breaks the U(1) symmetry.
More precisely, let us illustrate this by taking the case of an A1 singularity. In the
vicinity of the singularity, K32 is described by the equation,
y2 = x2 − z2,
in C3, with the coordinate along the base of K32 being say, z. Now the resolved K32 is
partially covered by the coordinates z, s2, s1, where y = s2z, x = s1z, and s2, s1, satisfy
the relation
s22 = s
2
1 − 1. (C.1)
And the exceptional divisor in K32 is partially covered by z = 0 with s2, s1, satisfying
(C.1)9.
Away from z = 0, the tangent vector along the the base P 1 is given by ∂z, and the
tangent vector along the fiber T 2 by ∂s1 +
∂s2
∂s1
∂s1 . So it is clear that as z → 0, and we
approach the divisor, the tangent vector along the fiber becames the tangent vector to the
divisor and the tangent vector along the base becames the normal to the divisor. Since,
as we mentioned above, G4 has one leg along the base and one along the fiber of K32, we
see that the flux breaks the U(1) symmetry.
The argument above clearly generalises to other ADE singularities in K32 as well.
9 These coordinates miss two points in the resolved K32. The divisor is actually the surface
s2 = s21 − s
2
3 in P
2, and the two points not included are s3 = 0, s2 = ±s1.
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